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§1. Analytical and Numerical Solutions of 
Three-Mode Equations of the Ion 
Temperature Gradient Instability 
Watanabe, T.-H., Sugama, H., Sato, T. 
To understand the anomalous heat transport 
mechanism in high-temperature plasmas, many 
first-principle simulations as well as theoretical pre-
dictions have been carried out on the ion temper-
ature gradient (ITG) turbulence transport. How-
ever, they often have · a discrepancy in prediction of 
the ion thermal diffusivity. Since the reason for the 
difference has not been completely understood yet, 
simple nonlinear problems, of which reliable solu-
tions with sufficient accuracy are established, are 
preferable for benchmark studies of the numerical 
schemes. The three-mode coupling problem is a 
good subject for benchmarking theories and sim-
ulations. 
Applying the three-mode truncation to the drift 
kinetic equation and the quasi neutrality condition 
with adiabatic electrons, one finds 
(8t +ik8v)f(v, t) + 2ik2¢(t)h(v, t) = -ik¢(t)G(v) , 
8t h( v, t) = 4k2Im[¢* (t)f( v, t)] , 
¢(t) = jdvf(v,t) , 
where f and ¢ are complex-valued (1,1) mode while 
h is real-valued (2,0) mode. G( v) is defined as 
The above equations have a certain class of exact 
solutions as follows; 
f(v, t) 
h( v, t) 
¢(t) 
[a(t)fLr(V) + ib(t)fLi(V)] exp( -iwrt), 
c( t) f Li ( v), 
a(t)exp(-iwrt) , 
where f Lr and f Li are real and imaginary parts of 
the linear eigenfunction of f. It leads to a set of 
ordinary differential equations, 
da/dt 
db/dt 
dc/dt 
,b , 
,a - 2k2ac , 
4k 2ab. 
The solution is given by a periodic function of the 
time t in terms of the Jacobi elliptic functions, 
b2 = b6 + 2~2 (c - co) - ~ (c2 - c6) , 
310 
and 
a(t) = { (3 dn [dn-1(ao/(3) - (vIa/(3),t] 
(3 cn [cn-1( ao/ (3) - (vIa/ (3),t] 
for r > 0 
for r < 0 , 
Here, (ao, bo, eo) denote the initial values of (a, b, c). 
See the reference for definitions of CY, (3, and r. 
A newly-developed non-dissipative Eulerian ki-
netic simulation method, which rigorously preserves 
the time-reversibility inherent in the collisionless 
drift kinetic equation, is applied to the three-mode 
ITG problem. Amplitudes of (±1, ±1) and (±2,0) 
modes repeat the nonlinear oscillation, and evolves 
in time along a closed orbit which encircles the sta-
tionary solution (as, 0, ,/2k2 ) in the phase space. 
This fact reflects the time-reversibility of the basic 
equation. We have found an excellent agreement be-
tween the simulation results and the analytical solu-
tion (Figure 1). Since the solution stays most of the 
period in the neighborhood of the stationary point 
(0,0,0) with the exponential time dependence, the 
oscillation period has a logarithmic dependence on 
the initial mode amplitude. Thus, the time average 
of the mode amplitude vanishes, as the infinitesi-
mal initial perturbation approaches zero. The re-
sults obtained here provide a useful reference for 
basic benchmarking of theories and simulations of 
the ITG modes. 
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Figure 1: An orbit of a solution for r < 0 (solid) 
and a corresponding simulation result (marks) in 
(a, b, c)-phase space. 
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